Abstract-Fractional calculus has recently attracted much attention in the literature. In particular, fractional derivatives are widely discussed and applied in many areas. However, it is still hard to develop numerical methods for fractional calculus. In this paper, based on Fourier series and Taylor series technique, we provide some numerical methods for computing and simulating fractional derivatives by using Matlab. Some numerical examples are also presented.
I. INTRODUCTION
Fractional calculus is a branch of mathematical analysis that studies the possibility of taking real number powers or complex number powers of the differentiation operator. Generally speaking, n n dx y d represents the n th derivative of y with regard to x . What does it mean if we take n to a fractional number? This is a very important and interesting question asked by many mathematicians. In the history, fractional calculus has long been a pure theoretical problem. However, in the recent years, calculus has been successfully applied to many areas such as automatic control and signal processing (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] ). Despite the applications of fractional calculus, it is hard to develop numerical methods for fractional derivatives due to its complex definitions. In this paper, we provide several numerical methods for computing fractional derivatives. We arrange the paper as follows, section 1 is the introduction of fractional calculus, section 2 is devoted to the numerical methods and its Matlab code and numerical examples, section 3 is the conclusion. We review some basics for fractional calculus first. In the literature, there are various definitions of fractional calculus. We list some major ones below. The classical form of fractional calculus is given by the Riemann-Liouville integral and the corresponding derivative is calculated using Lagrange's rule for differential operators. Computing n-th order derivative over the integral of order α − n , the α order derivative is obtained. It is important to remark that n is the nearest integer bigger than α.
Grunwald-Letnikov definition
Riemann-Liouville fractional integral, 
where n n ≤ < − γ 1 . By contrast, the Grünwald-Letnikov derivative starts with the derivative instead of the integral.
Another option for defining fractional derivatives is Caputo fractional derivative. It was introduced by M. Caputo in 1990. Caputo's definition is often preferred in solving differential equations because it is not necessary to define the fractional order initial conditions. Caputo's definition is illustrated as follows. It is proved that Grunwald-Letnikov fractional derivative is identical to Caputo fractional derivative for the majority of analytic functions. The slight difference between the two appears when dealing with constant Supported by China Science Foundation project: 31271077 Corresponding author: Feng Gao, Email: gaofeng99@sina.com. function. As a matter of fact, for a constant, the Caputo fractional derivative is zero while its Riemann-Liouville fractional derivative is not zero. In the literature, Caputo fractional derivative is usually used to handle initial value fractional ODE.
We list some well known properties of fractional derivative (See [13] ). a. If α is an integer, the fractional derivative is just identical to the traditional derivative. In this sense, fractional calculus is a kind of interpolation of the traditional calculus.
b. fractional operator satisfies the linearity .e.g.
where λ and μ are arbitrary real numbers. c.
The property c means all fractional operators form a semi-group.
The Laplace transform for fractional integral is as follows:
The Laplace transform for fractional derivative is
The Fourier transform for fractional calculus can be expressed as
where α can either be negative meaning integral or positive meaning fractional number.
II. MATLAB NUMERICAL METHODS FOR FRACTIONAL CALCULUS

A. Computing Fractional Derivative by using Fourier Series
, then expand it into Fourier Series in the form of (6) . For ) sin(x and ) cos(x function, we have
It can be proved that the above conclusion still holds if k is fractional number (see [14] ). Therefore, we have
According to the above conclusion, if γ is a fraction which is bigger than 1, we can transform it into β + n where n is a positive integer and 1 0 < < β
. In this case, we can compute the n th derivative first, then compute its β th derivative.
So we develop the following procedure:
STEP1: Compute the Fourier Series. The matlab code is as below , F1=fdiff(A,B,x,0.5,0,1 By ezplot (F1,[0,1]) , we get the 0.5 th derivative which is shown in figure 5 . 
B. . Taylor Series Method
We now look at fractional derivative from another perspective. For integer derivative, we have From the above conclusion, we see that we can get the fractional derivative of a function through computing its fractional derivatives of its Taylor series.
Example1 :
By Taylor series method, we can get the derivative of 
C. . Grunwald-Letnikov Method:
An efficient method to calculate fractional derivative is Grunwald-Letnikov method, e.g. 
III. CONCLUSION
Fractional calculus is becoming an important tool in many academic fields. But it is not easy to numerically compute fractional integrals and fractional derivatives due to the lack of numerical methods. However, based on Fourier series and Taylor series theory and by using mathematical soft ware such as Matlab, we can efficiently compute fractional derivatives. From the numerical examples presented in this paper, we can see the more accuracy the Fourier series and Taylor series approximation is, the more fractional derivative we can get.
